Methods are presented for finding Killing-Yano tensors, conformal Killing-Yano tensors, and conformal Killing vectors in spacetimes with a hypersurface orthogonal Killing vector. These methods are similar to a method developed by the authors for finding Killing tensors. In all cases one decomposes both the tensor and the equation it satisfies into pieces along the Killing vector and pieces orthogonal to the Killing vector. Solving the separate equations that result from this decomposition requires less computing than integrating the original equation. In each case, examples are given to illustrate the method.
I. INTRODUCTION

Recently Garfinkle and Glass
where ǫ = ±1. Then the metric in directions orthogonal to ξ a is given by
One can use h a b as a projection operator to project any tensor in directions orthogonal to ξ a . In particular, the KY tensor can be decomposed as
where S a and antisymmetric Q ab are orthogonal to ξ a .
Projecting the KY equation using all combinations of h a b and ξ a yields the following
Here Equations (7-8) becomė
Thus the method for finding Killing-Yano tensors on the n-dimensional space consists of two steps:
(1) find all Killing-Yano tensors and all
Killing vectors on the n−1 dimensional space (2) subject those Killing-Yano tensors and Killing vectors to the conditions of Eq. (9) and Eq.(10)
III. KILLING-YANO TENSORS OF THE BERTOTTI-ROBINSON METRIC
The BR spacetime (up to an overall scale) has line element
This spacetime is the direct product of the 2-sphere and 2-dimensional anti de-Sitter spacetime, i.e. S 2 ⊗ AdS 2 . Defining coordinate w := − ln r allows the BR line element to be transformed to the form
For the convenience of the reader in following this section, additional properties of the BR spacetime are collected in Appendix A.
The method of the previous section will be used to work out the KY tensors of the BR metric. First the KY tensors of the 2-dimensional wϑ surface will be found, then these will be used to find the KY tensors of the 3-dimensional wϑϕ surface, and finally find the KY tensors of 4-dimensional BR spacetime. wϑ and wϑϕ surfaces
The 2-dimensional wϑ space has line element
For any 2-dimensional space, the unique solution (up to an overall scale) of Eq. (5) is the volume element. Since the wϑ space is just ordinary 2-dimensional Euclidean space, it has the three Killing vectors of that space.
Thus we have
Using the ϕ Killing vector of metric (12) and recalling that the Killing vector norm is ǫV 2 , yields V = sin ϑ and ǫ = 1. Imposing Eq. (10) we finḋ
It then follows that the quantities k 1 ,k 2 ,k 3 andk 4 all vanish. Thus we have Q µν = 0 and
Now, using Eq.(9) we find 0 = (c 4 sin ϑ + c 2 cos ϑ + c 4 ϑ cos ϑ)
This implies that c 2 and c 4 vanish. It follows
the wϑϕ surface and the BR spacetime
The 3-dimensional wϑϕ space has line element
Here the Killing vectors are (∂/∂w) a and the three Killing vectors of the 2-sphere, which will be denoted by ξ 1a , ξ 2a , ξ 3a . We therefore have
From the results of the previous subsection it follows that
The t Killing vector of metric (12) 
where ℓ µ is the sum of 2-sphere Killing vectors, defined as
Upon using Eq.(10) we finḋ
The last term on the right hand side is linearly independent of both the first curl term The left hand side must therefore also vanish, and sok 1 = 0. Thus k 1 = c 1 . Finally we have
Applying this result in Eq. (4) we find that the general Killing-Yano tensor of the BR spacetime is
Since the BR spacetime is the direct product 
IV. CONFORMAL KILLING-YANO TENSORS
The tensor version of the conformally covariant generalization of the KY equation, the CKY equation, was discovered by Tachibana 18 . It can be written in the form Similarly, W a can be decomposed as
where X a is orthogonal to ξ a . Taking all projections of Eq.(30) we find the following:
As in the Killing-Yano case, the first two equations have a simple geometrical interpretation. On the n − 1 dimensional subspace orthogonal to the Killing vector Q ab is a CKY tensor and S a is a conformal Killing vector. The last two equations provide conditions that those tensors must satisfy.
We now specialize to the case where n = 4
and the spacetime has a Lorentz signature. A vector T a exists such that
where ǫ abc is the volume element of the 3-dimensional space orthogonal to the Killing vector. Then equations (33), (35), and (36) become
Thus T a is a conformal Killing vector of the 3-dimensional space. The additional conditions that T a and S a must satisfy are given by equations (39) and (40) respectively. In the adapted coordinate system these additional conditions take the forṁ
Thus to find the CKY tensors of the 4-dimensional spacetime, one does the following:
(1) find all the conformal Killing fields S a and T a of the 3-dimensional surface orthogonal to the Killing vector.
(2) subject those conformal Killing fields to the conditions of equations (41) and (42). (3) use Eq.(37) to find Q ab and then Eq. (4) to find A ab .
V. CONFORMAL KILLING VECTORS
Since, as shown in the previous section, one step in finding CKY tensors involves finding conformal Killing vectors, we now apply the general method of this paper to finding conformal Killing vectors. Recall that a conformal Killing vector K a on an n-dimensional space is one for which
In a manner similar to the Killing-Yano case,
we can decompose K a as
where B a is orthogonal to ξ a . Taking all projections of Eq.(43) it follows that 
In the adapted coordinate system, the additional conditions for B a become
The equations for A arė 
VI. CKY TENSOR OF LINET'S VACUUM METRIC
The Petrov type D cylindrical vacuum line element found by Linet 8 is written as
This static metric has Killing vectors ∂ t , ∂ z , ∂ ϕ . We will use the method of the previous two sections to find the CKY tensors of this spacetime.
tr and trϕ surfaces
We begin by finding all the conformal Killing fields of the tr surface and then using those to find all the conformal Killing fields of the trϕ surface. The 2-dimensional tr space has line element
Like all 2-dimensional metrics, this metric is conformally flat and the conformal Killing fields are therefore those of the underlying flat spacetime. For our purposes, it will be convenient to use null coordinates u = t − r and v = t+r. The line element then becomes
where r = (v − u)/2. It follows from metric (56) that the conformal Killing field takes the form
where α is independent of v, and β is independent of u. We now use this conformal Killing field to work out the general conformal Killing field of the trϕ surface. We have g ϕϕ = r −2 , therefore ǫ = 1 and V = r −1 . It then follows that
and therefore from Eq.(50)
Taking ∂ u ∂ v of this equation, and using the fact that α is independent of v and β is independent of u, we find
Subtracting Eq.(60) from Eq.(59) yieldṡ
However, since α is independent of v and β is independent of u, there exists a function
follows from Eq.(57) thaṫ
Now taking ∂ ϕ of Eq.(51) forB µ , and using
Eq.(62) we find 0 = ...
It then follows that k 1 = 0. ThereforeḂ µ = 0 and so α and β are independent of ϕ. Thus α is a function of u, and β is a function of v.
It then follows from Eq.(51) that there is a constant c 1 such that
Differentiating Eq.(64) by ∂ u ∂ v yields
Subtracting Eq.(65) from Eq.(64) provides
from which it follows that
But α depends only on u and β depends only on v and so there exists a constant c 2 such
We therefore have
It then follows from Eq.(52) and Eq.(53) thaṫ A = 4c 1 and ∂ µ A = 0. We therefore have
Finally, using Eq.(44) we find that the general conformal Killing vector of the 3-dimensional trϕ surface is
the trϕ surface and the Linet spacetime
The vector fields T a and S a are conformal Killing fields on the trϕ surface, with z dependent coefficients and therefore take the form
Since g zz = r 4 it follows that V = r 2 and ǫ = 1. We then find
From the t component of Eq.(41) and Eq. (42) it follows thaṫ
Therefore k 1 , k 3 , k 4 , and k 6 vanish, and k 2 and k 5 are constants. Thus the conformal Killing fields subject to restrictions (41) and (42) take the form
Finally, using Eq.(37) and Eq.(4) we find that the general CKY tensor of the spacetime is 
The BR manifold is non-singular with Kretschmann scalar
The BR metric is spanned by the null tetrad
Eight Newman-Penrose spin coefficients vanish, κ = σ =λ = ν = ρ = µ = τ = π. The remaining four are
The null vectors are all geodesic l α;β = 2γl α l β + 2γl α n β (A9) n α;β = −2ǫn α n β − 2γn α l β (A10) m α;β = 2ᾱm αmβ − 2αm α m β (A11)
The BR manifold admits antisymmetric tensor A αβ as covariant constant bivectors
A αβ;ν = 0 (A13)
A αβ is therefore a KY solution. Note that l [α n β] ∼ dt ∧ dz and m [αmβ] ∼ dx ∧ dy. These are the volume elements of the BR manifold.
